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Abstract 

In this paper we give a quantum mechanical algorithm that can 
search a database by a single query, when the number of solutions is 
more than a quarter. It utilizes modified Grover operator of arbitrary 
phase. 



1 Introduction 

For G N, let Ztv = {0, 1, . . . , — 1} denote the additive cyclic group of 
order N and consider an arbitrary function i*" : Z^v — > ^2) The database 
searching problem is to find some i £ Zjv such that F{i) = 1 under the 
assumption that such an i exists. We assume that the structure of F is 
unknown so that it is not possible to obtain a knowledge about F without 
evaluating it on Z^v- 

Let t = \{i £ : F{i) = 1}|. There is a quantum mechanical algorithm 
to solve this problem in expected time of order 0{y^ N/t), which is optimal 
up to a multiplicative constant j2|, |^]. Especially when t = N/4: is known, 
the original Grover algorithm in [Q] can search a solution only by a single 
query It uses the vr-phase, i.e., marking the states by multiplying e^^ = 
— 1. When t = N/2, by changing this phase to vr/2, that is, by marking the 
states by multiplying e'^*/^ = i and modifying the corresponding diffusion 
transform according to this phase, the solution can be found with certainty 
after a single iteration Q. 

In this paper, we generalize Grover algorithm for arbitrary phase. When 
t > N/A, we give generalized conditional phase and diffusion transform 
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depending on t, and then formulate a quantum mechanical algorithm that 
solves the database searching problem in a single query. 



2 Grover Operator of Arbitrary Phase 



Let Bn = {|a)}aGZ5 = {|ei), |e2), . . . , {sn)} be the standard basis of an n- 
qubit quantum register with N = 2" and TCn be the corresponding Hilbert 
space, which represents the state vectors of a quantum system. Let Tim be 
an m-dimensional subspace of Wat spanned by a basis Bm = Icjj), • • • , 

|ej^)}. Let / be a positive integer such that 1 < I < m. 

For 7 G M, the conditional -phase transform on a subspace Tim, Sp,™ : 
TLm — > Tim is defined by 



for A; = 1, 2, . . . , m, where i = Let ^ denote S^^™ , where Fi[ei 



Let W, be any unitary transformation on Tim satisfying 



-. m 

—y\ 



For example, when m is a power of 2, in a suitably arranged basis we may 
set Wj^ to be the Walsh-Hadamard transform. When m is not a power of 
2, the approximate Fourier transform in |5| can be used. 

7-/ 

For /3 G R, the (3-phase diffusion transform on a subspace Tim, D^'" : 
Wtv Ti-N is defined by 



D 



( e'^-l 
m 

1 + 



when |ej), G i3m and i 7^ j, 
when |ei), |ej) G iS^ and i = j, 
otherwise . 



If we rearrange the basis Bn so that Bm = {|ei), 1 62 ),..., |em)} and represent 
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W77 



by its matrix D 



(D^^.), then we have 
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where P'^™ = (Pj^™) is a projection matrix in Hm with i^^™ = ^. Note 

that S]^:^ and D^'" are unitary. 

Let G^^^ : TCn ^ Ti-N i>G the Grover operator of (/?, 7)-phase in 
defined by 



When l3 = ^ set G^™ = G^'^^. For simphcity, we shah assume that m = N 
and omit the superscript TCm- 
Let 

A = {ejeZ^\F{e,) = l}, 
B = {ej e Z^\F{ej) = 0} , 

and let t = \A\. For k,l eC such that tj/cp + (iV - t)\l\^ = 1, define 
|V'(A;,/))= 5^ A;|e,-) + ^ /|e,) . 
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Lemma 1 For /?, 7 S M, 



lV'(A:o,W) 



Then after applying j + 1 Grover operator of {f3,'j) -phase, we have 



(e'^ - l)t + iV 
iV 



(e*^-l)(iV-t) 



N 



e'^k^ + 



7 ' ^ 
(e*^-l)(iV-t) + iV 



J ■ 



(2.1) 



Theorem 1 Assume that = Iq and /?, 7 G [0, 27r] . T/ien li = if and only 
if ^ <t < N and /? = 7 = cos^-*^ (l ~ ll) • -^^ '^^^■^ case, /ci = (e*''' — l)kQ. 



Proof By (O), we get 



h 

h 



l){e'^ - I)— + e'^ + e'^ 



N 



(2.2) 



^0. 



3 



By considering the imaginary part of e the equation 



N 



is equivalent to 



{(1 — cos/3) sin 7 + (cos 7 — 1) sin/3} = 



1 — cos P 1 — cos 7 



■ R ■ ■ (2.3) 

sm p sm 7 

Considering the real part of e~*^|^, from ( |2.3[ ) it follows that the equation 



— { (1 — cos /?) (1 — cos 7) + sin j3 sin 7} — 1 = 



is equivalent to 



N 

cos p = COS 7 = 1 . 



Again by we get /3 = 7 and t > -f-- Furthermore, by ( |2.2| ) we obtain 



(e*''' — l)/co. This completes the proof. 



For the case of vr-phase in 
average operation and we have 



□ 

-I + 2P is an inversion about 



In this case, there is an explicit closed- form formula for kj and Ij; 

/, = (-l)^-^^cos((2j + l)0) , 

for j = 0, 1, ... , where the angle 9 is defined so that sin^ 9 
cially when t = N/4, we have li = 0. 

Grover operator of ^-phase was used in Since 



F §• Espe- 



when t = we have 

GF,^\^{k,k)) = mz-i)k,o)). 

By Theorem |, When t £ [N/i, N], we have 

GF,-ymko,ko)) = me'^ -l)ko,0)), 
where the phase 7 is defined by 7 = cos""*^ ~ ll)- 
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